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Abstract
Covariant field equations of M-fivebrane in eleven dimensional curved superspace are obtained
from the requirement of κ-symmetry of an open supermembrane ending on a fivebrane. The
worldvolume of the latter is a (6|16) dimensional supermanifold embedded in the (11|32) dimen-
sional target superspace. The κ-symmetry of the system imposes a constraint on this embedding,
and a constraint on a modified super 3-form field strength on the fivebrane worldvolume. These
constraints govern the dynamics of the M-fivebrane.
† Research supported in part by NSF Grant PHY-9722090
1 Introduction
Just as open strings can end on D-branes, an eleven dimensional open supermembrane can end
on M-fivebrane. This possibility was first considered in [1, 2]. Further aspects of the eleven
dimensional open supermembrane were studied recently in [3, 4, 5, 6, 7]. In particular, it has
been suggested in [6] that the κ-symmetry of the open supermembrane ending on a M-fivebrane
may give rise to the M-fivebrane equations of motion. In this paper we will show that this is
indeed the case.
In the model we consider, the worldvolume of the M-fivebrane is taken to be a supersubman-
ifold, M , of the eleven dimensional target superspace, M . The supermembrane action is an
integral over a bosonic three dimensional worldvolume Σ, with its boundary ∂Σ embedded in
the supermanifold M , such that
∂Σ ⊂M ⊂M (1)
The requirement of κ-symmetry of the open supermembrane is shown to have the following con-
sequences. Firstly, κ-symmetry on Σ requires that the eleven dimensional supergravity equations
are satisfied. Moreover, the κ-symmetry on the boundary, which is the odd diffeomorphisms of
M restricted to ∂Σ, imposes a constraint on the embedding of M in M which says that the
odd tangent space of the worldsurface at any point is a subspace of the odd tangent space of
the target space at the same point. Furthermore, κ-symmetry on ∂Σ imposes a constraint on a
modified super three-form field strength H defined as
H = dB − f∗C , (2)
where B is the super 2-form potential on the superfivebrane worldvolume, M , and f∗C is the
pullback of the target space super 3-from C to M . The superembedding constraint and the
H-constraint determine completely superfivebrane equations of motion.
In the superembedding approach to the description of superbranes as emphasized in [8, 9],
the superembedding equation played a central role. In the case of M-fivebrane, the 3-form H
was introduced for convenience in describing the field equations and it was shown that the H-
constraint is a consequence of the superembedding condition [10, 11]. In the approach presented
in this paper, both the superembedding condition and the H-constraint arise naturally from the
requirement of κ-symmetry. The virtue of our approach becomes more apparent when we apply
the formalism to super D-branes. In that case, one finds that the superembedding condition
is not sufficient by itself to imply the super D-brane equations of motion, but one needs the
analog of the H-constraint to do so, at least for p ≥ 6 [12]. Thus, it is remarkable that the
considerations of the κ-symmetry of the open branes ending on other branes naturally give all
the constraints needed to describe the dynamics of the total system.
The nature of the supersubmanifold M may appear to be put in by hand. However, the κ-
symmetry is powerful enough to restrict the nature of the possible supersubmanifolds. In par-
ticular, it is known that the (6|16) dimensional submanifold is allowed [8, 9]. We use the
notation (D|D′), where D is the real bosonic dimension and D′ is the real fermionic dimension
of a supermanifold. The possibility of a (10|16) dimensional submanifold has been conjectured
in [8], and the possibility of a (2|16) dimensional submanifold has been pointed out in [6]. The
determination of whether such configurations exist requires further analysis.
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2 Open Supermembrane Ending on Superfivebrane
The eleven dimensional supermembrane was studied in [13, 14]. In this section, we will study
an open supermembrane Σ with its boundary ∂Σ couple to a 2-form superfield. For simplicity,
we will take ∂Σ to have a single boundary component. The membrane worldvolume is bosonic.
We will take its boundary, however, to lie in a bosonic submanifold of a supermanifold M of
dimension (6|16), which in turn is a submanifold of a target space M of dimension (11|32). We
use the notations and conventions of [8]. In particular, we denote by zM = (xm, θµ) the local
coordinates on M , and A = (a, α) is the target tangent space index. We use the ununderlined
version of these indices to label the corresponding quantities on the worldsurface. The embedded
submanifold M , with local coordinates yM , is given as zM (y).
We consider the following action for an open supermembrane ending on a superfivebrane
S = −
∫
Σ
d3ξ
(√−g + ǫijkCijk
)
+
∫
∂Σ
d2σǫrsBrs , (3)
where ξi (i = 0, 1, 2) are the coordinates on the membrane worldvolume Σ, σr (r = 1, 2) are the
coordinates on the boundary ∂Σ, gij is the metric on Σ and g = det gij .
In addition to the usual super 3-form C in (11|32) dimensional target superspace M , we have
introduced a super 2-form B on the (6|16) dimensional superfivebrane worldvolume M , which
is a supersubmanifold of M . The suitable pullbacks of these superforms, and the induced metric
occuring in the action are defined as:
Cijk = Ei
AEj
BEk
CCCBA ,
Brs = Er
AEs
BBBA ,
gij = Ei
aEj
bηab , (4)
where ηab is the Minkowski metric in eleven dimensions, and
Ei
A = ∂iz
MEM
A ,
Er
A = ∂ry
MEM
A , (5)
where EM
A is the target space supervielbein and EM
A is the worldsurface supervielbein. Defin-
ing the basis one-forms EA = dξiEi
A and EA = dσrEr
A, note the useful relation
EA|∂Σ = EAEAA|∂Σ . (6)
The embedding matrix EA
A plays an important role in the description of the model, and it is
defined as
EA
A = EA
M∂Mz
MEM
A, (7)
The action (3) is invariant under diffeomorphisms of Σ, with suitable boundary conditions
imposed on the parameter of the transformation, as well as the tensor gauge transformations
δC = dΛ ,
δB = f∗Λ , (8)
where Λ(zM ) is a super 2-form in M , and the pullback f∗Λ of a vector V on M to M is defined
as
(f∗V )A = EA
AVA . (9)
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We shall now require the total action to be invariant under the κ-symmetry transformation. On
the interior of Σ, they take the usual form [13]
δκz
a = 0 , (10)
δκz
α = κγ(ξ)(1 + Γ(2))γ
α , (11)
where
δκz
A = δκz
MEM
A , (12)
and
Γ(2) =
1
3!
√−g ǫ
ijkγijk , (13)
where the pullback γ-matrices are defined as
γi = Ei
aΓa . (14)
We also need to specify the fermionic κ-symmetry transformations of zA on the boundary ∂Σ.
Without loss of generality, they take the form
δκz
a = 0 , (15)
δκz
α = κγ(σ)Pγ
α on ∂Σ , (16)
where Pγ
α is some projector, whose explicit form will be spelled out later (see (37)).
We next derive an interesting consequence of the κ-transformations specified above. To do so,
we first observe that an arbitrary transformation of yM induces a transformation on zM given
by
δzA = δyAEA
A on M, (17)
where
δyA = δyMEM
A . (18)
It follows from (15) and (17) that δκy
a and δκy
α satisfy
0 = δκy
aEa
a + δκy
αEα
a , (19)
on the boundary ∂Σ. The a = b component of this equation is 0 = δκy
aEa
b + δκy
αEα
b. One
can check that Eα
b can be gauged away by using the bosonic diffeomorphisms of M , namely
δηy
MEM
a = ηa. Hence, one can set Eα
b = 0, and since Ea
b is invertable, it follows that
δκy
a = 0 , (20)
on ∂Σ, and hence on M . Using this in a = b′ component of (19), and observing that δκy
α is an
arbitrary odd diffeomorphism of M , it follows that Eα
b′ = 0. Recalling that Eα
b = 0 as well,
we get
Eα
a = 0 . (21)
This is the superembedding condition that plays a crucial role in the description of superbrane
dynamics [8, 9, 10].
We found the κ-transformation δκy
a on M above. We now turn to the determination of the
remaining variation δκy
α on M . Using (20) and (21) in (17), we find
δκy
αEα
α = δκz
α , (22)
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on the boundary ∂Σ. To solve for δκy
α, it is useful to introduce a normal basis EA′ = EA′
AEA
of vectors at each point on the worldsurface. The inverse of the pair (EA
A, EA′
A) is denoted by
(EA
A, EA
A′) [10]. From (22), it follows that
δκy
α = δκz
αEα
α , (23)
on the boundary ∂Σ. This means that the variation δκy
α is an arbitrary odd-diffeomorphism,
effecting the 16 fermionic coordinates of M , and that when restricted to ∂Σ, it agrees with the
κ-symmetry transformation on M , which also has 16 independent fermionic parameters.
Now we are ready to seek the conditions for the κ-symmetry of the action (3) 1. Using (17)
and (20) in the variation of the action, we find that the vanishing of the terms on Σ imposes
constraints on the torsion super 2-form T and the super 4-form G = dC, such that they imply
the equations of motion of the eleven dimensional supergravity [13]. The non-vanishing parts of
the target space torsion are [15, 16]
Tαβ
c = −i(Γc)αβ ,
Taβ
γ = − 1
36
(Γbcd)β
γGabcd − 1
288
(Γabcde)β
γGbcde , (24)
and Tab
γ . The only other non-vanishing component of G are
Gabγδ = −i(Γab)γδ . (25)
The remaining variations are on the boundary, and yield the final result
δκS =
∫
∂Σ
ǫrsEAr E
B
s δκy
γHγBA , (26)
where
H = dB − f∗C , (27)
and satisfies the Bianchi identity2
dH = −f∗G . (28)
Since δκy
α are arbitrary, the vanishing of (26) implies the constraint
HγBA = 0 . (29)
Thus the only nonvanishing component of H is Habc. The constraints (21) and (29) encode
elegantly all the information on the superfivebrane dynamics, as has been shown in [8, 9, 10].
For completeness, we have collected in the Appendix the covariant superfivebrane equations
of motion which follow from these constraints 3. It should be noted that the Habc component
does not participate in (29). Thus, one has the freedom to envisage a cusp-like behaviour in
Bab giving rise to a discontinuity in (dB)abc. Taking into account this discontinuity, the abcd
component of the Bianchi identity (28) gets modified as 4
dH = −f∗G+ δW , (30)
1 The κ-symmetry of the action (3) in a flat target superspace was also considered in [5], where the consequences
of the resulting constraints are not considered. Moreover, our results for the constraints differ from theirs.
2 The two-form B has to be rescaled by a factor of four to agree with the conventions of [10].
3See [17, 18] for the M -fivebrane action in the Green-Schwarz formalism, and [19] for its relation to [8, 9, 10].
4 In [7], a modified Bianchi identity of this kind is derived by adding a bosonic piece of the M-fivebrane action
to (3). However, the κ-symmetry of this system is by no means clear.
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where δW is the Poincare´ dual of W = ∂Σ in the bosonic fivebrane worlvolume Σ6. A similar
argument applies to the background field Cabc, thereby modifying the abcde component of the
Bianchi identity
dG = δW , (31)
where now δW is the Poincare´ dual of W = Σ6 in the eleven dimensional bosonic target space
Q [20].
The modification (30) is important for the analysis of the reparametrization anomalies localized
on ∂Σ, and (31) is relevant for the reparametrization anomalies on the fivebrane [21, 22]. How-
ever, these modifications are not essential for the purposes of this paper, where we derive the
superfivebrane equations of motion in the bulk of its worldvolume. Hence, we shall drop the δW
terms in the rest of this paper.
It is known that the superembedding condition (21) implies the H-constraint (29). It would
be interesting to determine if the reverse is true. To this end, we have examined the the αβγd
component of the Bianchi identity in flat target superspace and at the linearized level in the
fivebrane worldvolume fields. Interestingly, we find that the Bianchi identity (28) indeed implies
the embedding condition at this level.
To conclude this section, we discuss the nature of the global supersymmetry of the model in a
flat target superspace. Consider the transformations
δǫz
α = ǫα , (32)
where ǫα is a constant parameter. Due to (17), one finds that (32) induces a transformation on
M satisfying
δǫy
αEα
α = ǫα . (33)
It should be emphasized that these transformations, as well as the κ-symmetry transformations
are not special cases of the Λ-transformations. The latter is a transformation of the background
fields involving a parameter that is an arbitrary function of the target space coordinates.
Substituting the variation (33), we find that the action (3) is invariant, upon the use of the
H-constraint (29). It remains to analyse the consequences of the condition (33). Multiplying
(33) with Eα
β′ (defined earlier), we get
ǫαEα
β′ = 0 . (34)
The target space spinor index α, running fom 1 to 32 is split in two, α → (α,α′), where both
the worldsurface index α and the normal index α′ run from 1 to 16.
To elucidate the meaning of this condition on the parameter ǫα, it is useful to define the projec-
tion operators
Eα
αEα
γ = 12(1 + Γ(5))α
γ ,
Eα
α′Eα′
γ = 12(1− Γ(5))α γ , (35)
where Γ(5) satisfies Γ
2
(5) = 1. This matrix is defined by (35) and is given in the Appendix.
Multiplying (34) with Eβ′
β gives
ǫα(1− Γ(5))α β = 0 . (36)
This means that at most half of the supersymmetry can survive. Furthermore, since the ma-
trix Γ(5) defined in (49) is a complicated function of the worldvolume fields, the condition (36)
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severely restricts the allowed configurations for them. One possibility is to set all the world-
volume fields equal to zero. In that case, and in a physical gauge, Γ(5) becomes a product of
constant worldvolume γ-matrices, implying that half of target space supersymmetry.
Finally, we note that just as ǫα satisfies (36), the variation δκz
α given in (16) satisfies κ¯P (1 −
Γ(5)) = 0 on the boundary ∂Σ. This can be seen by multiplying the A = α component of (17)
by Eα
α′Eα′
γ and noting that Eα
αEα
β′ = 0. This condition can be satisfied by taking
P = 12 (1 + Γ(5)). (37)
3 Boundary Conditions
In this secton we consider the boundary conditions that arise from the variation of the action
(3). The requirement of the action be stationary when the supermembrane field equations of
[14] hold imposes the boundary condition
∫
∂Σ
(δyAEA
a√−gniEia + δyCniǫijkEjBEkAHABC) = 0 . (38)
Using (21) and (29), we obtain
∫
∂Σ
[δza
′√−gniEia′ + δyc(
√−gEcaniEia + niǫijkEjbEkaHabc)] = 0 , (39)
where δza
′
is defined in (12). This equation is satisfied by imposing the Dirichlet boundary
condition,
δza
′ |∂Σ = 0 , (40)
and the Neumann boundary condition
(√−gniEic + niǫijkEjaEkbHabc
)
|∂Σ = 0 , (41)
where ni is a unit vector normal to the boundary ∂Σ, and a′ labels the directions transverse to
the fivebrane worldvolume. We expect that this constraint is κ-invariant, modulo the fermionic
field equation of the superfivebrane (see the Appendix) [10]
Ea(1− Γ(5))γbmba = 0 . (42)
A boundary condition similar to (41) has also been discussed in [6] for a flat target space and a
purely bosonic 2-form on the fivebrane worldvolume. These authors set the C-dependent term
of H in (41) equal to zero separately by imposing suitable boundary condition on the fermionic
variables, involving a projector of the form (1 + Γ(5)) with Γ(5) defined as in (49).
In [3], on the other hand, the 2-form field B is not considered, and the C-dependent terms are
set equal to zero at the boundary, by projecting the fermionic variables in particular gauges. In
this case, one has to check that the boundary terms due to the global supersymmetry variation
of the supermembrane action vanish, and indeed they do [3]. It should be emphasized that this is
possible only by sacrificing the eleven dimensional super Poincare´ invariance [14]. For example,
the boundary terms cannot be made to vanish for an open supermembrane with boundaries
moving freely in M .
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For completeness, we also consider the boundary terms due to the reparametrization transfor-
mations
δzM = vi∂iz
M , (43)
under which the action transforms as
δS =
∫
Σ
d3ξ∂i(v
iL) . (44)
This boundary term vanishes by imposing the condition
niv
i|∂Σ = 0 . (45)
Requiring that the boundary condition (41) is preserved by the reparametrization transforma-
tions imposes the conditions
ni∂iv
r|∂Σ = 0 . (46)
4 Comments
In this paper we considered an open supermembrane with a bosonic worldvolume Σ ending on
a superfivebrane with worldvolume M , which is a (6|16) dimensional supersubmanifold of the
(11|32) dimensional target superspace M . We showed that the requirement of κ- symmetry not
only constraints the eleven dimensional curved background fields to satisfy their equations of
motion, but also yields a superembedding condition and a constraint on a modified 3-form field
strength, H, which determine the superfivebrane equations of motion.
Our formalism can be applied to other possible choices of embeddings (1). In particular there
are two special cases which deserve further analysis within the present framework. In one case,
the supermembrane ends on a superstring, and thus ∂Σ =MB , whereMB is the bosonic part of
the (2|16) dimensional string superworldsheet. In another case, the supermembrane ends on the
boundary of M , namely M = ∂M , corresponding to a M-ninebrane. The latter case is similar to
the configuration considered in [24]. For a κ-symmetric formulation of an open supermembrane
ending on the Horawa-Witten ninebrane, see [4, 5].
In a separate paper [23], we will show that the ideas presented here apply also to fundamental
type II strings ending on D-branes, D2-brane ending on solitonic type IIA fivebrane, and open
Dp1-branes ending on Dp2-branes.
The application of our formalism to type I open branes, i.e. branes in a target space with sixteen
real supersymmetries, should also be possible. It would be interesting, for example, to derive
the equations of motion for the heterotic fivebrane, via the study of heterotic string ending on
solitonic fivebrane.
Another possible generalization of the present work is to consider open branes ending on branes
that do not possess maximal transverse space rotational symmetry. For example, the pp waves
and the sixbranes, also known as Kaluza-Klein monopoles, in eleven dimensions can be consid-
ered as possible end point surfaces for the eleven dimensional supermembrane.
One may also consider elevating the open brane worldvolumes considered here to supermanifolds
5. Although an action is not known for such systems, one may nonetheless obtain the equations
5 We thank Paul Howe for a discussion about this possibility.
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of motion for all the branes involved by generalizing the usual superembedding approach to deal
with triplet (1) of supermanifolds Σ, M and M .
Finally, a matrix regularization [25, 26, 27, 6] of the action (3) may be be relevant for the
generalization of M(atrix) theory [28] in a curved background [29] and in the presence of fivebrane
[30].
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Appendix
M-Fivebrane Equations of Motion
Here, we give the nonlinear field equations of the superfivebrane equations, up to second order
fermionic terms, that follow from the superembedding condition (21), which are proposed to
arise equally well from the H-constraint (29). These equations are [8, 9, 10]:
Ea(1− Γ(5))γbmba = 0 , (47)
Gmn∇mHnpq = 3
√−g
128(1 − 23 tr k2)
(1− 23k)4[pn ǫq]nm1···m4 Gm1···m4 ,
Gmn∇mEnc =
(1− 23tr k2)
6!
√−g ǫ
m1···m6(Gam1···m6 +
2
3G
a
m1m2m3 Hm4m5m6 )(δa
c − EamEmc) ,
where
Ema(x) = ∂mzMEMa at θ = 0 ,
Emα(x) = ∂mzMEMα at θ = 0 . (48)
are the embedding matrices in the Green-Schwarz formalism. The matrix Γ(5) at θ = 0 is given
by
Γ(5) = −
[
exp (−13γmnphmnp)
]
Γ(0) , (49)
where
Γ(0) =
1
6!
√−g ǫ
m1···m6γm1···m6 . (50)
The pullback γ-matrices in (49) and (47) are defined by
γm = ΓaEma , γb = γmemb. (51)
The matrix em
a is the vielbein for the induced metric
gmn(x) = EmaEnbηab
= em
aen
bηab , (52)
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and Gmn is another metric defined as
Gmn = (m2)abea
meb
n , (53)
where
ma
b = δa
b − 2kab, (54)
ka
b = hacdh
bcd , (55)
and habc is a self-dual field strength which is related to Habc via the equation
habc = ma
dHcde . (56)
The G7 is the seven form that occurs in the dual formulation of eleven dimensional supergravity,
Gd
1
...d
4
=
1
7!
ǫd
1
...d
4
e
1
...e
7
Ge1...e7 . (57)
The target space indices on G4 and G7 have been converted to worldvolume indices with factors
of Ema.
The κ-symmetry transformation rules are
δκz
a = 0 ,
δκz
α = κγ(1 + Γ(5))γ
α ,
δκhabc = − i16m[a|d Ed(1− Γ(5))γ|bc]κ , (58)
where Γ(5) is given by (49).
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